HoLomorphic DynNaMics

WE sTuDy THE JvnaMics OF A HoLOMORPHIC
mappiNg T: C"— L
(1) Case n=1 (1e. f:C—C ENTIRE),
(@) Case: 1s (1,1).
f(z)= «z+§

DynaMics TRivIAL:
=1, §=0 => EVERYTHING FIXED

«=1, §+0 => EVERYTHING —> 0

f(z)= glw) + Ti—(—

THEN  4(w) =« w
|ot[< 1 => EVERYTHING —> O
|| >1 => EVERYTHING (EXCEPT w=0)=—>00
<] =1 => BATIONAL & 1RRATIONAL ROTATIONS




() Case: t 1s (2,1)
'F(z) = o(Z.z‘l"#Z +b/
IN NON-TRIVIAL CASES, z=aw+b, f(z)=agl)+}

FOR SWITABLE a,bL REDUCES To:
q(w) = wotc

\

JuLia SET
J (4) - Jz: A nep.U oF z on wHicH
{9 n=1,23,..]Is EQUICTS.

) R Al 2

ManDELBROT SET
M= {c:T(y)1s CONNECTED

(f =i HOPE IT&EN/SM(PE)
g Has 2 FIXED POINTS, AT MeST 1 ATTRACTING

JATTRACTING F.PT. 4> C IS INSIDE CARDIOID.

M 1s coNNECTED & COMPACT



(c) Case: Fis (31)
REDUce To: f(2)=2z’-3a’z +b
ANALoGE oF M IS THE CONNECTEDNESS LoCYUS

C,= {(«,b): T(f)1s connecTED)
WHICH IS COMPACT, CONNECTED & NOT LocALLY
CONNECTED.

Re. Brawwer/Hussaro, Acta MaTn 1936,

@) Some (0,1) FuNCTIONS ARE INTERESTING.,
REF: WORK OF |.N._Baxer XP.I RipPoN oN THE

<2

DYNAMIcS of T(z)=¢e"%




@) CaseF: L L, ot

(a)CHSE:F s (‘Ml Tws 1s Highty NeNTRVIAL!

IT 15 EAsy To T BITECTIVE, BineLoMorPiIC F

WE CALL THESE AUTOMoRPHISMS), FOR EXAMPLE
Flz,,...,zp) = (w,,..., Wa)

WHERE W, = k,Z, +'f'(zz,...,zn)

w, klzlf-ﬁ_(w"z”...,z,‘)

wy =k, 2, +f,(w,,w2,z,r,...,z,\

o= KB E (e W)

THE FuNcmoNs f.:C""'—C BEING HoLoMoRPHIC

AND THE CONSTANTS K; NON 2ERe.
THIS 1s & coMPoSITION OF MULTIPLES OF
SHEARS: »
W‘: = Z;, ¥ f(Z”...)Z"_“ 2;*“...,2,‘)
W =2; (j*:)
IS A SHEAR IN THE DIRECTION €, (Rosay/Rua)

n



Usiws shears Rosay & Rupin prove:

() ¥2iscreTE {Pj}: € ", n>1 WiTHeuT REPETITIONS
Viw]s, < C" JF:C"—> C" HoomMorruic (R 7(F)=1
BUT NOT NEC. eﬂu(‘(([")) with Flp;)=w; Y.
(MiT7AG -LEFFLER INTERPOLATION PROBLEM)

(2) Ycountarre, pense X, Y< C" (n>1)

I Fe Aut(C") sT. F)=Y.

gut (3) ImscreTE DE C" ST. THE ONLY FeAut(C”)
Wity F(D)=D IS THE IDENTITY (D15 RIG D).

THEY DEFINE Ec(™s Tame 1F J F€ Aut(C")
MAPPING £ oNTo AN ARITHMETIC PROGRESSION .

EvErRy INFINITE DISCRETE SET CAN BE MAPPED
ONTO AN A.P. BY AN INTECTIVE HILIMORPHIC F.C>(¢

with T(F)=1, BUT NoT NEC. BY AN AM..

AN AP CAN BE PERMUTED IWANY WAY BY A SKITABLE
AM., S0 THE SAME IS TRUE OF ANY TAME SET;
(c.F. (3) ABovE).

EvERY INFINITE DISCRETE SET IS THE uNioNoF ZTAME
SETS.



Rances oF ENTIRE HoLomorpHic mappiNgsFC"—C™

n=1 Picary's Theorem F(C )= Cor C\{z,Jor {2,].

a>1 Ovious Con TECTURE

F((f )- (f oR C \ LOWER DIML. VARIETY
OoR LOWER DIMENSIONAL VARIETY.

E.G. (z,,2.)> (€%, ™) RANGE [(w, W,): w, 30w, 0].
(2,,2,) > ((2;+2.),(2,42,) ) RANGE [(w,w,): W, = W],

Tue “orvious conTEcTure' 1s FALSE .

Theokem (Bieseracd, FaTow) IF:C*—C°
HOLOMORPHIC WITH T(F) NoWHERE ZERO ?_
(so F(C*) oPEN) WiTH F(C*) NOT DENSE IN C.
MeTnsp Surpose UCS C* wity F: C"—> U sinoLomorrHIC
For keC, Ik|>1, LeT B, € Aut(C), B.(z)=
Tis ivpuces 0€ Aut (U) BY

9= F-B F"'
WITH FIXED POINT P= F[O), 9-J(z)—3p Vzeu

and O'(p)=kI =B,. /




s
/
/

onveksery |E U oren S € and 0 € Ault (U) wirn

FIXED PONT p aAND O7(z)—p (zeU)an 01&,)=kI,

lk|>1, THEN JF: C"—>U BiHoLoMoRPHIC WITH
g-F =F-5,.

_Q_g_lg.; VNLOT 0N

F(z) = .lim QJ(P + k.jz) (26 C'?

J D90

THEOREM Suppose G € ﬂut‘(d:'j FIXES pe([” AND THE
EIGENVALKES A,,..., A, oF B'(p) saTisey |A;]>1 (1<j<n)

LET u n . -k
W(,,)=jze¢.kt_g; 0™ (=) = pJ
THE UNSTABLE SET OF p,
n
THeN 3 poLynomiar auTomorrhisM G oF € AND A

BioLoMorPHIc F @ C"—»> W' (p) sucn THAT
QoF = FoG.
G’ENERALLY; G= 9'(,>), BUT |F THERE ARE RESONANCES
A=A ):“) m,,..m 20, Mot +m 22,
THEN G = '(p) + NONLINEAR TERMS.
\ Tuis G 1s A NormaL ForM For O Near p,




E X At y‘ )
Ler 6 (x, \/) = (a*x +y*, a.)/),
WHERE [«]|>1,s0 F.PT, p=0,wmy} =a’, A, =a,
2 -
Surrose If: € >C* wirw fl0)=0, det f(0)#+0 anz
0'0)"f-4 = .

T HEN flax +y* ay) = (a* a)f(x,y)

Ik Floy) < ($007), V0 y)) THEN
#»(a‘x-fyfay) = asz>(x,y), ‘ /1)

DirFerRenTIATING (1) W.R.T. y,

2.)/ (fx (a*x+ v, a.y.) + a ¢y(a‘x+)/1, a’y) = qf‘?[,y (X,/),— (2)
Purting x=y=0 In (2)=> ¢, (0,0) = o.
Dirr. @) wrT. y & PuTTING x=y=( =p ¢, (0,0)=0,

sﬁx((/)O)-f 0= \;5\/(0,0) = 4t f0)=0 %




PropERTIES OF THE RANGE OF HOLOMORPHIC =

IF F: C*"— C" HAs J(F)=E O, THEN:

) conv(F(C™) = C™;

(2) F(C") MisSEs AT MosT n HYPERPLANES.

|F, FURTHER, F s INTECTIVE, THEN:

- (3) F(C ") Is PSEWDOCONVEX;

4) vol(F(€™))=o0; (THIs NEED NOT HoLD 1F Fis nor
ASSUMED INTECTIVE — EXAMPLE oF Rl:ﬁylku)nu)

() C*'\ F(C ") IS UNDOUNDED UNLESS [ 1s surTECTIVE,

Rosay £ Rusiv snowed THAT, ALTNONGH EVERY TAME SeTE
Is Avor>a8.E By AN INTEcTIVE F (1€ F(c “)OE%@'),
Ipiscrere D s.x. F(CY)0D +2° For Every
F:C"-> C 'wmiT(F)F0.
| f:”lg;:javsf, JTAME SETS NoT AVOIDABLE BY F wiTH
F)l=1.
Hence Fc (I:R (n>1) s, T, L= F(C")Fox AN INTECTIVE F;

BuT NOT For AN INTECTIVE F wirn T(F)= 1.



E-xearprLE:  BIEBERBACH'S FUNCTION.

DEFINE THE AuToMorPHISM € BY O(xy)= (¢,v)
WHERE u = kx +J)(y),
v = ky+j(u),
(1k] >1 ans J(X) HAS No TERMS oF ORDER <2).

Ler k=4 , j(X)=2X"-5X*. Tuen G 1s
Biesersach's FUNCTION.

KopAiRA’S FUNCTION 1S DEFINED IN THE SAME way,

with  |kl>1, jX)= (k-1)(sin X -X).

( k=2, j(X)=sinX =X w THE computeR PicTURES),
Kozaira’s © was rixe» points (2rm,2vT) (reZ)

The sers U, =]ze€C 87G) > (2rm,2¢ )] (reZz)

- ARE DISTOINT RANGES OF ENTIRE FUNCTIONS DIFFERING

N~

BY TRANSLATIONS BY INTEGER MULTIPLES oF (2r,2w).

FATou'S FUNCTION coMEs FRoM

0:(x,y) ¥>(y, 2x+4xy - 3y?Y
9(x-%)=(-+,-%) (xeC) BUT we STiLL GET A
(NoN-INTECTIVE) G:C*—>]zeC":32,50 2=0",)].




How smarL can F(C") 8e? F Binaomorruic.

THe BiepERBACH EXAMPLE HAS

Fle) € {tny): Ixl<2 & lxl<lyl],
AND HENCE
F(C) < {Goy) : ly- i@l < max[4Ix], 73 .

ANoTHER EXAMPLE (TE.) HAs

F(C?) € ilxy): Rel)<0 or Re(y)<0]
Nisnimura, Couty, Rasayl Rummv

F(€Y) 0 {(ay): x=0} =4




WHyY Do soME SECTIONS THRougH F(C") sHow
SMOeTH _BOUNDARIES ?

STABLE MHNIFQI,‘;?{IIE?&Q’? [ §e Aut(C)

WITH A FIXED POINT P WHICH IS HYPERBOLIC,
THEN
W)=z €C: Glz)>p as j>w]

THE STRBLE MANIFILD OF P

AND L |
WYP)’ jze C: 0 J(z)—)p as J—> o f

THE UNSTABLE MANIFOLD OF P,
ARE coMPLEX suBMANIFads oF C.

OTHER FEATURES oF THE PICTURES oF F(C’)5 ARE
PROBABLY EXPLICABLE IN TERMS OF FULLER PICTURES
OF THE DYNANICS oF 6. Snewine ALL BASINS oF

ATTRACTION HELPS




)i

x REAL

'({g)f)

] ws 0.6914
] g 145
y=-0.8405




